In the 10-dimensional pp-waves background we have found using T-duality a 4-dimensional space-time in which closed time-like curves appear in the region bounded by two coaxial elliptic cylinders. This 4-dimensional space-time is similar to the Gödel-type space-time only in this region. Outside of this region the causal pathology does not appear.
Introduction
In the supergravity approximation of string theory the different solutions were obtained. These solutions played a key role in elucidating the structure of string theory. Moreover string theory should put the light on the status and role of the solutions of general relativity which are causally pathological. In the solutions of such kind the closed time curves (CTC's) appear. One of the examples is Gödel's original solution which describes a homogeneous rotating universe with pressureless matter and negative cosmological constant. Recently the string backgrounds with CTC's were obtained by using T-duality and S-duality to the pp-waves [1, 2] . These solutions have been generalized to the supersymmetric cases. A maximally supersymmetric Gödel-like solution which can be lifted to a solution of M-theory with twenty Killing spinors was obtained in [3] . As it turns out in such solutions there is an invariant notation of future and past light-cones at each point of space-time. Also, there appears a global time coordinate , and in fact ∂/∂ is everywhere the timelike Killing vector which makes in effect the supersymmetry possible. However, the surfaces of constant are not everywhere space-like, which means that is not a global time function. Taking into account the distinction between a global time coordinate and a global time function [4, 5] one can say that this space-time cannot be foliated by space-like surfaces at all. It is because the classical Cauchy problem is always ill-defined in such a space-time. The supersymmetric solutions are classified by a Killing vector obtained from a Killing spinor, namely the Killing vector is null-or time-like. As it turns out in the five dimensions the solutions with the time-like Killing vector describe rotating, or boosted, space-times [3] . Moreover, the space-times with CTC's are generic for the time-like solutions in five dimensions. The pp-waves backgrounds are Penrose limit of A S ×S and are the exact solutions of the string theory [6, 7] . This limit is consequence of the Penrose theorem, which states that near a null geodesic (the path of a light ray) in any metric, the space becomes a pp-wave. Furthermore pp-waves also result in spinchains [8, 9] .
Conformal invariance on the world-sheet in the sigma model leads to the equations of motion of the background fields. These equations up to order α are supergravity equations and particular solutions of these equations give pp-waves. In section 2 we consider such solutions which depend on time through the + coordinate. For the solution with a two-form B and a constant dilaton we boil down a metric to the + independent form using an orthogonal transformation. In section 3 the ten-dimensional space-time will be obtained for this solution with the use of T-duality. This space-time can be considered as a fibration with one-dimensional fibre. In this fibration we can distinguish a four-dimensional space-time with CTC's. Next we find the form of the region where CTC's appear. As it turns out this region in the four dimensional spacetime is bounded by two coaxial elliptic cylinders. It means that CTC's exist only in this "pathologically" causal region. Outside of the outer cylinder the region becomes a CTC free. The width of this region depends on the background field B and on an angular velocity. This spacetime becomes the well-known Gödel type if the radius of the outer cylinder goes to infinity. From the other side this space-time becomes causal if the inner cylinder coincided with the outer cylinder. We will trust these considerations if the string coupling is small. In section 4 we will consider geodesics in this space-time. In section 5 we will discuss the singularities of the obtained T-dual space-time. As it will turn out the obtained T-dual tendimensional background is twice singular. It has causal singularity in the form of CTC and a curvature singularity. One of these singularities (either causal or curvature singularity) can be removed in the appropriate limits but they can not be removed simultaneously. Section 6 is devoted to conclusions. In Appendix we recall the form of the pp-waves and the Busher rules for T-duality transformations.
Time dependent backgrounds in the form of pp-waves
A metric of the pp-wave in N dimensional spacetime in the light-cone has the form: 
The pp-waves appear in the theories which include gravity. In [10] it was proved that in a pp wave background (1) there are no α corrections to the equations of motion. Therefore pp waves in this form give exact string solutions.
In particular the pp-wave is the exact bosonic string background only if N = 24 and R ++ = 0 [11, 12] . In the II A/B type superstrings there are: a dilaton Φ and a two-form field B with strength H = B from the Neveu-Schwarz (NS) sector and fluxes F ( ) from the Ramond (RR) sector. Hence the geometry given by the Ricci tensor is determined from the conditions of the conformal invariance in the sigma model. If one considers only fields from the NS sector in the II A/B type superstrings these conditions on the one-loop level are:
where (3a) and (3b) take the form:
Such a kind of equations was considered in [13] . In order to solve (4) one assumes that the function K is given by:
A IJ
where the matrix A is symmetric. Thus the equation (4) becomes:
As one can notice T A = T ++ and the trace of the energymomentum tensor vanishes: T M M = T = 0. The above solutions give pp-wave background for strings [13] . Other various pp-wave backgrounds in M-theory were obtained in [14] . These solutions after the dimensional reduction have interpretation either in terms of D0-branes or ppwaves in type IIA. After making the T-duality operation they give type IIB pp-wave solutions. In the case where the function K depends only on 2 +1 < 9 variables where = 1 2 the metric takes the form: 
Hence the old coordinates and the new coordinates are related as follows:
(10) The above transformation takes the function K to the form:
We look for such function K which does not depend on + . This condition leads to the following equation on the matrix A:
which is equivalent to the equation:
where
) and:
In the considered case = 1 2 and 3. The case when = 1 corresponds to flat six-dimensional internal space and four-dimensional space-time. For = 1 the metric has the form:
and the function K (
. The equation (13) has the simple form (λ 1 ≡ λ):
(16) with the solution:
where 1 , 2 and A 0 are integration constants. The parameter λ can be interpreted as an angular velocity of the two-dimensional plane ( 1 2 ) around the axis perpendicular to this plane. The equation (4a) for the matrix (17) is:
If we assume that H IJ = 0, then the dilaton field Φ is the quadratic function of + :
Such dilaton field was also obtained in [13] . According to the perturbation regime of string theory the coupling constant = exp (2Φ) should be small: << 1. So one gets that 2 > 0. The function K in coordinates is equal to:
Under the transformation R the matrix A takes the form:
and the function K in new coordinates is:
Hence this transformation takes the metric to the form:
In the polar coordinates 1 = cos φ, 2 = sin φ the above metric becomes:
where the function F is given by:
and β = 2 /2 − λ 2 . The metric (23) can be considered as the metric of the ten-dimensional space-time M 10 which is the product of four dimensional pp-wave M 4 and the flat six-dimensional space T 6 . We will obtain a solution of the equation (18) assuming that the dilaton Φ has the constant value Φ 0 and the field B gives the constant value of H IJ H IJ . Then the field B has the first "leg" in the transversal flat space T 6 and the second "leg" in M 4 in the direction + . So it has the following form:
Let us introduce the polar coordinates (ρ α ) in the flat six-dimensional transversal space: 2 −1 = ρ cos α , = ρ sin α where = 1 2 3. Hence the field B in the coordinates X M = ( φ ; ρ α ) has the form:
We take that B ρ + = 0 and B α + = ρ 2 /2. One can notice that B α + = B α = B α . Such the field B gives the NS flux H:
In the Cartesian coordinates the field H takes the form:
Hence the value of H IJ H IJ is:
Next from the equation (18) we get that:
Collecting the obtained results we get the following background fields:
where in the metric (32) we have introduced coordinates ( ) instead of ( 0 9 ). Thus the metric (32), the constant dilaton Φ 0 and the field B are solutions of the equations of motion (3a-c) if condition (31) is fulfilled. In the next section we will make T-duality transformation on the background given by (32) and (33).
T-duality and the shape of the region where CTC's appear
As we see from the equations (32 -33) there is a Killing (34)
where a metric 2 6 has the form:
The T-duality transformation mixes initially independent four-dimensional space-time M 4 with the coordinates ( φ ) and flat six dimensional space T 6 with coordinates 1 6 . This effect follows from of the form the background field B given by (33). Thus we can rewrite the metric (34) as follows: 
The solutions of these inequalities depend on the parameters 2 A 0 and λ Thus from 8 − 4F < 2 λ 2 and the condition that 2 − F > 0 one obtains the following limitation on 2 :
In the region where 2 − F < 0 the time coordinate becomes the spatial coordinate whereas the spatial coordinate becomes the time coordinate. We call this region
. In D + the metric assumes the form:
Hence non CTC appears in D + . The condition (42) 
The radii − and + are expressed by the NS flux and λ as follows:
and 2 is given by the equation (33). We consider two limits of the backgrounds fields (47 -49). In the first limit + → ∞ which corresponds to β → 0. Hence 0 = 1 and the dilaton becomes constant. The metric and two-form B (4) are:
where α = 2 /2 − 3λ 2 /3. The limit β = 0 corresponds to 3 =1 2 = 8λ 2 and this equality can be interpreted as the condition of the equilibrium between the attractive force generated by the constant NS flux H and the centrifugal force related to the rotation with the angular velocity λ. Such equilibrium is the characteristic feature of the Gödel-type space-times where the cosmological constant is given by the NS flux H. The second limit is for λ = 0 so 0 ≡ − = + = 2/ √ 2 and the metric, the fields B (4) and are: 
Geodesic equations
The geodesics in the Gödel space-time were considered in [17] . The Gödel space-time admits closed timelike and closed null curves but contains no closed timelike or closed null geodesics [18] . In this section we analyze the geodesics in the metric (47). This metric can be rewritten as follows:
where:
From this form of the metric we find the geodesics using the lagrangian L:
(61) where τ is an affine parameter. Hence we get the following conserved quantities:
where E is energy, and are angular momenta in the directions φ and respectively. Inserting these quantities to the Lagrangian L we get:
The time-like geodesics are obtained if 2L = +1 and the null geodesics are obtained if 2L = 0. Thus the geodesic equations are:
Here ε = +1 for the time-like geodesic and ε = 0 for the null geodesic The general solution for is given by the integral:
Thus the above integral is defined if σ 2 2 − η 2 4 − 2 ≥ 0 The radial motion corresponds to = = 0. Hence: η 2 = E 2 1/ 2 − − 2/ 2 + and σ 2 = E 2 − ε > 0 so there exist three different solutions which depend on the sign of η 2 :
Thus we get three different types of solutions:
1. for η 2 < 0:
2. for η 2 = 0 :
3. for η 2 > 0 :
These solutions depend on the relations between − and + . In the first and in the second cases the geodesics are not bounded but in the third case the geodesic is bounded by R 0 . In the Gödel-like limit ( + → ∞) one gets that:
For the time-like geodesics (ε = +1) R 0 < − . It means that a particle moving with the finite energy E on this curve never enters into the region where CTC's exist. For the null geodesic (ε = 0)
The geodesic is future directed if e. g. [15] 0
and time-like if the square of the norm of the tangent vector / τ is negative: | / τ| 2 < 0. From the equation (63) we get:
Hence we observe that the geodesics of the type 1 and 2 are not future directed because they are not bounded and enter in the regions where > + after finite proper time τ but they are remain still time-like: In the case when σ 2 = E 2 − ε < 0 the solution exists only if η 2 > 0 and ε = +1. Hence we get:
and:
This geodesic is separated from = 0 by the distance 0 which depends on the ratio 2 + / 2 − (fixed for the space-time) and the energy E.
Singularities in the T-dual background
The obtained metric (39) and its simplification form (47) exhibit two horizons − and + for = − and for = + , respectively. The first one is related to the causal structure and the second one is related to the singularities of the metric and other fields on + . We will calculate a curvature tensor R 
It means that the horizon + given by 0 is the real curvature singularity. In the limit + → ∞ the horizon + is shifted to infinity and as the result one gets the metric of the Gödel-type with the causal singularity in the form of CTC's. From the other side the causal singularity vanishes in the limit λ → 0 (so − = + ) but the curvature singularity remains on the horizon + .
Conclusions
We considered the ten-dimensional time dependent background metric in the form of the pp-wave. We could eliminate time from by the orthogonal transformation for the special form of the function K which is related to the solution of the equation (13) . In this way we obtained the function (20) and the time independent metric (24). On the one-loop level in the sigma model the fields H, Φ and are related by the supergravity equations. The fields H and Φ, with the same metric (24) , were presented in two cases. In the first case H is equal to zero and Φ is the function of time (eq. (27)). In the second case H is given by (31) and Φ is constant. In this case we made T-duality transformation in the direction obtaining the ten-dimensional space-time given by the metric (34). We have distinguished four-dimensional space-time M 4 and found that there is the region where CTC's appear. This region is cut out by two coaxial elliptic cylinders (eqs. (44 -46) ) in 3-dimensional space. In the special case when A 0 = 0 the metric is given by (47) and the fourdimensional space-time is divided on three regions given by (50 -52) with two horizons determined by two radii − and + . We considered two limits: when + → ∞ and when λ → 0. In the first limit the four-dimensional spacetime becomes the well-known Gödel-like space-time obtained from time-independent pp-wave background. In the second limit we get the warped space-time without CTC's. The CTC's in the Gödel-like space-time and the exactly marginal operators were considered in [19] .
In section 4 we obtained different types geodesics for the metric (47). The solutions (70 -71) are not future directed, not bounded and enter in the regions where > + after finite proper time τ. There is also the geodesic (72). A particle moving with the finite energy E on this geodesic never enters into the region where CTC's exist. The geodesic (81) is separated from = 0 by the distance 0 which depends on the ratio 2 + / 2 − (fixed for the spacetime) and the energy E. In the Gödel-like time-spaces the CTC's are not geodesics. In the original Gödel universe the problem of geodesics was first time studied by Chandrasekhar and Wright in [17] . They showed that geodesic can not be CTC.
The obtained T-dual ten-dimensional background is double singular. It has causal singularity in the form of CTC and there appears here a divergent singularity of the background fields on + . One of these singularities (either a causal or a divergent singularity) can be removed in the appropriate limits but both of them mention can not be removed simultaneously. Thus the T-duality relates such singular backgrounds to the non-singular ones. It means that in the string theory frames T-duality generates other non-singular solutions. In the considered case the obtained dilaton is divergent on + and string theory becomes strong coupled so one-loop approximation is not appropriate on + .Thus one needs more loops which probably could cure this situation. But in the region where the dilaton is small T-duality removes singularities. In the considered case the initial non-singular background has had the metric in the form of the pp-wave, a constant flux H and a constant dilaton Φ.
Moreover, the metric (15) with the function (18) restricted to four dimensions and with 2 = 0 is called an "antiMach" metric [20] [21] [22] . This metric is geodesically complete and singular free. 
